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Abstract

We develop a new experimental method to estimate viscoelastic properties of a sample by ultrasonic wave transmission.

Viscoelastic properties are generally described by the frequency dependent phase velocity vðf Þ and the quality factor Qðf Þ.

In order to estimate vðf Þ and Qðf Þ from waveform data obtained by the ultrasonic wave transmission method, it is

necessary to correct the data for the effects of dynamic response of the source and receiver transducers and of the wave

diffraction caused by finite size source. A practical method to perform these corrections based on the theoretical models is

developed. The validity of the present method is demonstrated by applying it to the experimental data for stainless steel

sample (Qb200), acrylic plastic sample (Q�100), and partially molten organic polycrystal sample (Qo10). In comparison

with the other existing methods, the present method has the advantage of not requiring any reference waveform. Using the

results of this study, we discuss the validity of the reference method.

r 2009 Elsevier Ltd. All rights reserved.
1. Introduction

Ultrasonic wave transmission method using piezoelectric transducers has been frequently used for
estimating sample acoustic properties [1–3], for non-destructively monitoring microstructural evolution [4,5],
and for simulating elastic wave propagation in heterogeneous media [6]. In this method, the obtained
waveform data are influenced not only by the acoustic behavior of the sample but also by the electro-
mechanical behavior of the source and receiver transducers (transducer effect) and by the wave diffraction
which is determined by the size of the transducers (diffraction effect). Therefore, in order to know the acoustic
behavior of the sample, correction of the data for these two effects is important. Most of our concern in this
paper is the estimation of sample acoustic properties, especially the viscoelastic properties which are generally
described by frequency dependent phase velocity vðf Þ and quality factor Qðf Þ. Correction methods used in
previous studies were based on the reference waveforms obtained for a standard material with well-known
acoustic properties. In the pulse reflectometry methods [7–9], the transducer effect is eliminated by using a
ee front matter r 2009 Elsevier Ltd. All rights reserved.
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reference waveform, which propagates a buffer rod, and the diffraction effect is eliminated by assessing the
effect from acoustic theory. In the transmission measurements [10–12], the two effects are eliminated by using
a reference waveform, which is obtained by replacing the sample in the experimental assembly by a standard
material.

In this study, we develop a new method of the correction for the transducer and diffraction effects by using
theoretical models. In comparison with the other existing methods, our method has the advantage of not
requiring any reference waveform, and hence can be used for testing the validity of the reference method. Our
method is designed to be applicable to transmission measurements. Because the assembly of the transmission
measurement is simple, our method can be used widely.

The essential part of our method is the theoretical derivation of the transducer effect and the diffraction
effect (Section 2). The dynamic response of the piezoelectric disk attached to an acoustic (zero rigidity) sample
was theoretically calculated by Stepanishen [13], based on the formulation of Mason [14] and Seki et al. [15].
We extend the previous studies by taking into account the effect of sample rigidity and the dynamic response
of the receiver transducer. We present a practical method which can be immediately used to determine the
frequency dependent phase velocity and attenuation from the transmission measurement. In order to test the
validity of our method, we conduct an ultrasonic wave transmission experiment on stainless steel, acrylic
plastic, and organic polycrystal samples, which are characterized by high, intermediate, and low Q,
respectively (Section 3). By using sinusoidal waves and/or narrow band pulses generated by broadband
transducers, transfer functions between source and receiver signals are obtained in the frequency domain for
100 kHz–1MHz. By correcting the data using our method, phase velocity and attenuation are determined for
this frequency range.
2. Waveform analysis to estimate frequency dependent phase velocity and quality factor

2.1. Definition and derivation of transducer effect HT and diffraction effect Ha

We consider a system consisting of a sample and two piezoelectric transducers attached to both sides of the
sample (Fig. 1). The sample is assumed to be a linear viscoelastic material represented by phase velocity vðf Þ

and quality factor Qðf Þ at frequency f . Let V S and V R be the voltage signals of the source and receiver
transducers, respectively. VS is applied by a function generator and V R is measured by an oscilloscope, and
hence both VS and V R are known. Time series data are written as V SðtÞ and VRðtÞ, and the complex Fourier
components are written as VSðf Þ and V Rðf Þ. The goal of Section 2 is an accurate estimation of vðf Þ and Qðf Þ

from V Sðf Þ and V Rðf Þ.
Function
generator Oscilloscope

VR

Finc
R

FS

FR
FS

FR

VS

piezoelectric disk

backing

elastic wave

sample

Source Receiver

Fig. 1. Schematic illustration of an assembly of transmission measurement using broadband transducers consisting of piezoelectric disk

and backing. F and V represent traction and voltage, respectively.
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We introduce transfer function Hobs defined by

Hobsðf Þ ¼
V Rðf Þ

V Sðf Þ
. (1)

Hobs is related to vðf Þ and Qðf Þ as

Hobsðf Þ ¼ HT ðf ÞHaðf Þ exp �io
l

vðf Þ
1�

i

2Qðf Þ

� �� �
, (2)

where oð¼ 2pf Þ is angular frequency and l is the sample length. The exponential factor in the right-hand side
of Eq. (2) represents the transfer function for plane wave propagation in the sample (e.g. [16]). Because Hobs is
not simply determined by this exponential factor, but also affected by the dynamic response of the transducers
[13] and the diffraction at the finite size source [15], we express Hobs in the form of Eq. (2). In order to estimate
vðf Þ and Qðf Þ, Hobs should be corrected for transducer effect HT and diffraction effect Ha. HT and Ha are
derived from theoretical models.

Let FS and F R be the tractions at the surface of the source and receiver transducers and let FR
inc be the

traction of the wave incident on the receiver transducer. Hobs defined by Eq. (1) can be rewritten as

Hobs ¼
V R

VS
¼

F S

V S

F R
inc

FS

F R

FR
inc

VR

FR
. (3)

The factor FR
inc=FS in the rightest hand side of Eq. (3) is the transfer function for elastic wave propagation,

and the other factors, F S=VS, FR=FR
inc, and VR=FR, are determined by the dynamic response of the

transducers. Therefore, Ha and HT introduced in Eq. (2) are defined by

Ha exp �io
l

vðf Þ
1�

i

2Qðf Þ

� �� �
¼

F R
inc

F S
, (4)

HT ¼
FS

VS

VR

FR

F R

FR
inc

, (5)

and Ha and HT are called diffraction effect and transducer effect, respectively.
In order to derive HT defined by Eq. (5), dynamic response of a broadband transducer consisting of a

piezoelectric disk and a backing is modeled based on the mechanical and electrical governing equations.
Detailed formulations are presented in Appendix A. The factor F S=V S in the right-hand side of Eq. (5) is
calculated by solving Eqs. (A.1)–(A.3), the factor V R=F R is calculated by solving Eqs. (A.4) and (A.5), and the
factor F R=FR

inc is given by Eq. (A.7). Finally, HT is obtained as

HT ¼ � 2eðzs=z0Þ
ðzb=z0Þð1� i=ð2QbÞÞ þDS � CS

fðzs=z0Þ þDSgfðzb=z0Þð1� i=ð2QbÞÞ þDSg � ðCSÞ
2

�
ðzb=z0Þð1� i=ð2QbÞÞ þDR � CR

fðzs=z0Þ þDRgfðzb=z0Þð1� i=ð2QbÞÞ þDRg � ðCRÞ
2
, (6)

where z0, zs, and zb represent the acoustic impedances of the piezoelectric disk, sample, and backing,
respectively, and Qb represents the quality factor of the backing. DS;R, CS;R, and e are given by

DS ¼ �ifcotðpf =f rÞ � eg;

CS ¼ �ifcosecðpf =f rÞ � eg;

DR ¼ �icotðpf =f rÞ;

CR ¼ �i cosecðpf =f rÞ;

e ¼
k2
0

pðf =f rÞ
;

8>>>>>>>>><
>>>>>>>>>:

(7)
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where resonant frequency f r and piezoelectric coupling factor k0 of the disk are given by f r ¼ a0=ð2d0Þ and
k0 ¼ h0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�0=ðz0a0Þ

p
by using acoustic velocity a0, thickness d0, piezoelectric stress constant h0, and dielectric

permittivity �0 of the disk. Eq. (6) is symmetric with respect to source and receiver.
In order to derive Ha defined by Eq. (4), the transfer function between F S and F R

inc is calculated by
considering the wave propagation in the sample. For simplicity, F S is assumed to be uniform on the surface of
the source transducer. F R

inc is calculated as the average of the traction over the surface of the receiver
transducer as

FR
incðf Þ ¼ F Sðf Þ �

1

pa2
0

ZZ
AR

ZZ
AS

gðf ;x� x0; v;QÞdx0 dx, (8)

where gðf ;x� x0; v;QÞ is the Green’s function for a semi-infinite medium [17,18] with phase velocity vðf Þ and
quality factor Qðf Þ. AS and AR represent the surface of the source and receiver transducers, respectively, and x0

and x represent points on AS and AR, respectively. The a0 is the radius of the piezoelectric disk. By comparing
Eqs. (8) and (4), Ha is obtained as

Haðf Þ ¼
1

pa2
0

exp io
l

v

� �
exp

ol

2vQ

� �ZZ
AR

ZZ
AS

gðf ;x� x0; v;QÞdxdx0. (9)

By calculating the integrals over AS and AR, we obtain

Ha
Pðf Þ ¼ 2 exp 2pi

lf

vP

� �
exp

plf

vPQP

� �R1
0

wPðf ; pÞ

p
fJ1ðpÞg

2 dp;

Ha
Sðf Þ ¼ 2 exp 2pi

lf

vS

� �
exp

plf

vSQS

� �R1
0

wSðf ; pÞ

p
fJ1ðpÞg

2 dp;

8>>><
>>>:

(10)

where subscripts P and S represent longitudinal and shear waves, respectively, and J1ðpÞ represents the Bessel
function of the 1st order. Functions wP and wS are given by

wPðf ; pÞ ¼ f�ð2p2 � p2
SÞ

2e�xPl=a0 þ 4xPxSp2e�xSl=a0gL�1;

wSðf ; pÞ ¼ f4xPxSp2e�xPl=a0 � ð2p2 � p2
SÞ

2e�xSl=a0gL�1;

(
(11)

where

Lðf ; pÞ ¼ ð2p2 � p2
SÞ

2
� 4xPxSp2;

x2Pðf ; pÞ ¼ p2 � p2
P;

x2Sðf ; pÞ ¼ p2 � p2
S;

8>><
>>: (12)

in which both real and imaginary parts of xP and xS are taken to be positive, and

pPðf Þ ¼ 2p
a0f

vP

1�
i

2QP

� �
;

pSðf Þ ¼ 2p
a0f

vS

1�
i

2QS

� �
:

8>>><
>>>:

(13)

2.2. Calculation of transducer effect HT and diffraction effect Ha

2.2.1. Calculation of HT

The broadband longitudinal and shear wave transducers used in the present experiments are V103 and
V153, respectively, manufactured by Panametrics, inc. Values of f r, k0, Qb, zb=z0, and zs=z0, which are needed
to calculate HT from Eq. (6), are listed in Table 1. Values of k0, Qb, and zb=z0, which are usually unknown,
can be measured by using the direct contact method presented in Appendix B. Although Qb determined from
this method has a large uncertainty, the effect of Qb on HT is small, as shown below, and we can use Qb ¼ 10.
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Table 1

Parameters used to calculate HT and Ha for longitudinal and shear wave transducers.

V103 (longitudinal) V153 (shear) Use

Transducer properties

f r (kHz) 1000 1000 HT

a0 (mm) 6.5 6.5 Ha

z0 ð10
7 kgm�2 sÞ 2.8 1.7 HT

k0 0.235a 0.224a HT

Qb 10a 10a HT

zb=z0 1a 1a HT

Sample properties

zs (kgm
�2 s) r � vPðfXf rÞ

b r � vSðfXf rÞ
b

HT

vP (km=s) vPðfXf rÞ
c

vSðfXf rÞ �
ffiffiffi
3
p

Ha

vS (km=s) vPðfXf rÞ=
ffiffiffi
3
p

vSðfXf rÞ
c Ha

QP 104 1 Ha

QS 1 104 Ha

l (mm) 20–100 20–100 Ha

aThe values were estimated by the direct contact method.
br � vPðfXf rÞ ¼ 4:5� 107 kgm�2 s for stainless steel, 3:1� 106 kgm�2 s for acrylic plastic, 1:8� 106 kgm�2 s for the partially molten

organic polycrystal, and r � vSðfXf rÞ ¼ 1:9� 106 kgm�2 s for acrylic plastic.
cvPðfXf rÞ ¼ 5:71km=s for stainless steel, 2.70 km=s for acrylic plastic, and 1.83 km/s for the partially molten organic polycrystal, and

vSðfXf rÞ ¼ 1:38km=s for acrylic plastic.
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The zs is calculated by using a phase velocity at fXf r. As shown in Section 2.3, a rough estimation of v at
fXf r can be obtained from the raw data without correcting for HT and Ha.

We express complex number H in terms of amplitude A½H� and phase P½H� as

H ¼ A½H� expðiP½H�Þ, (14)

where A½H�ð40Þ and P½H� are real numbers. Fig. 2 shows A½HT � and P½HT � of V103 calculated for a stainless
steel sample (zs=z0 ¼ 1:6), an acrylic plastic sample (zs=z0 ¼ 0:11), and an organic polycrystal sample
(zs=z0 ¼ 0:065). Although zs=z0 affects A½HT �, it does not significantly affect P½HT � nor the frequency
dependence of A½HT �, which are important for the accurate estimation of vðf Þ and Qðf Þ. This result indicates
the validity to calculate zs by using a rough estimation of v at fXf r. Also shown in Fig. 2 are A½HT � and P½HT �

of V103 calculated for various values of sample quality factor Q and backing quality factor Qb. Although
Q ¼ 1 is assumed in deriving Eq. (6), effects of Q can be investigated by replacing zs in Eq. (6) by
zsf1� i=ð2QÞg. Fig. 2 shows that the effects of Q on HT are negligibly small, and hence shows the validity to
use Q ¼ 1 regardless of an actual value of Q. Fig. 2 also shows that effects of Qb on HT are small, and hence
shows the validity to use Qb ¼ 10.

At zb=z0 ’ 1, the asymptotic form of Eq. (6) at f ! 0 is obtained as

A½HT � ¼ 2pk2
0

zs=z0

ð1þ zs=z0Þ
2

f

f r

P½HT � ¼
p
2

1� 2
f

f r

� �
8>>><
>>>:

ðf5f r and zb=z0 ’ 1Þ. (15)

The most important feature of HT is that P½HT � approaches p=2 at f ! 0. Because the correction of
traveltime for the transducer effect is given by P½HT �=o, that P½HT � is not equal to 0 at f ! 0 indicates the
significance of the correction for HT at low frequency.
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Fig. 2. Transducer effect HT of broadband longitudinal transducer V103 calculated for various values of Q, Qb, and zs=z0. (a) Amplitude

A½HT � and (b) phase P½HT �.
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2.2.2. Calculation of Ha

Values of l, a0, vP, QP, vS, and QS, which are needed to calculate Ha from Eq. (10), are listed in Table 1. The
values of vP and vS used to calculate Ha

P and Ha
S, respectively, are roughly estimated by the phase velocities at

fXf r without correcting for HT and Ha. By using these vP and vS, vS and vP used to calculate Ha
P and Ha

S,
respectively, are estimated by assuming vP=vS ¼

ffiffiffi
3
p

. ðQP;QSÞ ¼ ð10
4; 1Þ for Ha

P and ðQP;QSÞ ¼ ð1; 10
4Þ for Ha

S

are used regardless of the actual values of QP and QS. The validity of these assumptions is discussed later. The
integral in Eq. (10) is calculated numerically.

Fig. 3 shows Ha
P of V103 calculated for l ¼ 100, 50, and 20mm samples. The value of vP controls Ha

P

through only the normalized frequency ða0=vPÞf , and also the value of vS controls Ha
S through only ða0=vSÞf .

Each symbol in Fig. 3 shows the transition point from point source to infinite size source, where the frequency
is given by

f ¼
vi

2ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2 þ 4a2

0

q
� lÞ

ði ¼ P;SÞ. (16)

At this frequency, the difference between the longest and the shortest paths from the source to the receiver is
equal to the half wavelength (Fig. 4). Note that Eq. (16) is obtained for finite size source and finite size
receiver. The distance l obtained from Eq. (16) is different from the well-known Fresnel distance, which is
derived for finite size source and point receiver (Fig. 4). When l is large, the asymptotic form of Ha

P and Ha
S at
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f ! 0 is written as

A½Ha
i � ¼

pa2
0f

lvi

P½Ha
i � ¼

p
2

2p
a0f

vi

51 and l4
vi

f
; i ¼ P;S

� �8>><
>>: (17)

(Appendix C), which represents the far-field wave excited by a point source. P½Ha� approaches p=2 at f ! 0.
Hence, the correction of traveltime for Ha, P½Ha�=o, becomes very important at small f .

Fig. 3 also shows Ha
P of V103 calculated for various values of QP, QS, and vP=vS. The effect of QP on Ha

P is
small, indicating the validity to use QP ¼ 104 without knowing the actual value of QP. Although the effect of
QS on Ha

P is small, when QS is large, A½Ha
P� and P½Ha

P� fluctuate rapidly at ða0=vPÞfo3. This fluctuation is
difficult to measure accurately in the experiments, and the use of such Ha

P in data analysis may cause artificial
noise. Therefore, QS ¼ 1 should be used to remove the fluctuation. The effect of vP=vS is small except for
ða0=vPÞf51, indicating the validity to use vP=vS ¼

ffiffiffi
3
p

. In the same manner, QS ¼ 104, QP ¼ 1, and vP=vS ¼ffiffiffi
3
p

are used for calculating Ha
S.
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2.3. Estimation of v and Q from Hobs

By using HT and Ha obtained in the previous sections, vðf Þ and Qðf Þ can be calculated from Hobs as

l

vðf Þ
¼

1

o
ð�P½Hobs� þ 2pnþ P½HT � þ P½Ha�Þ, (18)

exp �
pfl

vðf ÞQðf Þ

� �
¼

A½Hobs�

A½HT �A½Ha�
. (19)

P½Hobs� is defined as a continuous function of f over the experimental frequency range, and hence is not
limited to 0–ð�2pÞ. P½Hobs� has an uncertainty of 2pn with integer n, which is explicitly shown in Eq. (18). The
results of Section 2.2 show that P½HT � and P½Ha� approach p=2 at f ! 0. Hence, n can be determined from the
requirement of

�P½Hobs� þ 2pnþ p ¼ 0 at f ¼ 0. (20)

Even when the data are obtained by using sinusoidal waves, and hence n is completely unknown, n can be
determined by Eq. (20).

At f ’ f r (1MHz), jP½HT �j and jP½Ha�j are, respectively, nearly equal to and less than p=2 (Figs. 2 and 3).
Hence, the effects of P½HT � and P½Ha� on the traveltimes are, respectively, nearly equal to and less than
1=ð4f rÞ, which are much smaller than the traveltimes obtained in the present experiments. Hence, vðfXf rÞ can
be accurately estimated from ð�P½Hobs� þ 2pnÞ, without correcting for HT and Ha.

3. Experiments

3.1. Data before correction

By using the assembly shown in Fig. 1, VSðf Þ and VRðf Þ were measured for f ¼ 100 kHz21MHz. A
stainless steel sample with l ¼ 50mm, acrylic plastic samples with l ¼ 50 and 100mm, and a partially molten
organic polycrystal sample with l ¼ 20mm were used. The measurements were made using two types of waves:
sinusoidal wave and narrow band pulse. With the sinusoidal wave with frequency f , A½Hobsðf Þ� and P½Hobsðf Þ�

are obtained immediately from the amplitude ratio and phase difference, respectively, between V SðtÞ and
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Fig. 5. Procedures to determine traveltime for the acrylic plastic sample with l ¼ 50mm and the stainless steel sample with l ¼ 100mm. (a)

Phase data from sinusoidal measurement. From the phase delay data between VRðtÞ and V SðtÞ (P½Hobs�, open symbols), continuous

function (P½Hobs� � 2pn, solid symbols) is obtained, where n is determined to satisfy Eq. (20). Only the data for the acrylic plastic sample

are shown. (b) Waveform data from narrow band pulse measurement. Traveltime T ½Hobs� is read as the time difference of the 3rd peaks of

VRðtÞ and V SðtÞ. (c) Traveltime T ½Hobs� obtained from sinusoidal measurement (lines) and narrow band pulse measurement (symbols).
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V RðtÞ. Solid symbols in Fig. 5(a) show P½Hobs� � 2pn, where n was determined to satisfy Eq. (20). In order to
construct P½Hobs� correctly from the measured phase difference (open symbols in Fig. 5(a)), frequency step Df

should satisfy Df5v=l. With the narrow band pulse with cycle frequency f , traveltime at frequency f was
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determined as the time difference of the 3rd peak between V SðtÞ and V RðtÞ (Fig. 5(b)). Also, after removing the
reflected waves from V RðtÞ, the Fourier coefficient VRðf Þ was calculated, and A½Hobsðf Þ� was determined as the
amplitude ratio between VRðf Þ and V Sðf Þ. Unlike the sinusoidal measurement, narrow band pulse
measurement does not have any limitation on the frequency step.

Using P½Hobs� � 2pn obtained from the sinusoidal waves, uncorrected traveltime T ½Hobs� is calculated by

T ½Hobs� ¼ �
1

o
ðP½Hobs� � 2pnÞ. (21)

The results are shown in Fig. 5(c) (lines) together with the traveltimes obtained from the narrow band pulses
(symbols). For the acrylic plastic sample, the two results agree well, indicating the validity of both
measurements. For the stainless steel sample, however, both results do not agree. The result of the sinusoidal
measurement shows a rapid fluctuation with f . This fluctuation is caused by the reflected waves, which have
large amplitude because of the high Q of the sample (Fig. 5(b)). Such fluctuation does not occur in the result of
the narrow band pulse measurement, which are not affected by the reflected waves. The narrow band pulse
measurement is therefore applicable to both high-Q and low-Q samples.

3.2. Estimation of frequency dependent phase velocity and quality factor

Hobs obtained from the sinusoidal and narrow band pulse measurements is corrected for HT and Ha as
Eqs. (18) and (19). Phase velocity and amplitude obtained after the corrections are shown in Fig. 6, together
with those without the corrections. Also shown in Fig. 6 are dispersion and amplitude theoretically predicted
from the constant-Q model [19] (dashed lines). Without the corrections, the results significantly deviate from
the theoretical predictions. After the corrections, however, the results show good agreement with the
theoretical predictions. These results demonstrate the validity of the present corrections by using the
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theoretically calculated HT and Ha. The corrections are significant at low frequencies (f lower than the
resonant frequency f r and lower than the transition frequency given by Eq. (16)). Note that the phase velocity
(Fig. 6(a) and (c)) and the amplitude (Fig. 6(b) and (d)) are obtained from P½Hobs� and A½Hobs�, respectively,
and hence are obtained independently from each other. The estimate of Qb200 for the stainless steel sample
and 1004Q450 for the acrylic plastic sample, which are obtained consistently from both phase velocity and
amplitude, confirm the validity of the present method. Fig. 7 shows the phase velocity and amplitude of
longitudinal and shear waves obtained for the acrylic plastic samples with l ¼ 50 and 100mm. Nearly constant
Q (QP ¼ 80 and QS ¼ 80) is obtained consistently for both l ¼ 50 and 100mm samples.
Phase velocity and quality factor obtained for the partially molten organic polycrystal sample are shown in

Fig. 8. This sample is a binary eutectic system composed of borneol and diphenylamine [20], and the partially
molten state was achieved at 60 �C. Because Q is very low, only the direct wave propagated through the sample
can be observed. Hence, the existing method to eliminate the transducer effect using reflected waves cannot be
applied to this sample. By using the method developed in this study, Q ¼ 4 was determined consistently from
both phase velocity and amplitude.
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3.3. A brief discussion on the reference method

Let Hobs
ref ðf Þ be the transfer function Hobsðf Þ of a reference sample with phase velocity vref , quality factor

Qref , and sample length lref . The deconvolved spectrum between Hobsðf Þ and Hobs
ref ðf Þ is written as

Hobs

Hobs
ref

¼
HT

HT
ref

Ha

Ha
ref

exp �io
l

v
�

lref

vref

� �� �
exp �

o
2

l

vQ
�

lref

vrefQref

� �� �
, (22)

where HT
ref and Ha

ref represent HT and Ha, respectively, for the reference sample. In the reference methods,
v and Q are estimated from Hobs=Hobs

ref by assuming HT=HT
ref ¼ Ha=Ha

ref ¼ 1. The results in Section 2 show
that HT ðf Þ=HT

ref ðf Þ ¼ 1 is valid if vref ¼ v and lref ¼ l. If vavref and/or lalref , Ha=Ha
ref deviates from unity,

especially at frequencies lower than the transition frequency given by Eq. (16). Fig. 9 shows phase velocity and
amplitude obtained from this study (solid lines), and those which are obtained with the reference method
(dotted bold lines). Hobs

ref is not measured but is derived theoretically by calculating Ha
ref and HT

ref for water
(vref ¼ 1:50 km s�1, Qref ¼ 1) or acrylic plastic (vref ¼ 2:70 km s�1, Qref ¼ 80) with lref ¼ l. The accuracy of
the reference method decreases as the difference between v and vref increases. Because it is practically difficult
to find a reference sample satisfying vref ¼ v, the present method applicable to general materials is useful.
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4. Conclusions

We have developed a new method to determine frequency dependent phase velocity and quality factor from
ultrasonic wave transmission. In this method, the transducer effect HT and the diffraction effect Ha, for which
the waveform data must be corrected, are calculated theoretically without using any reference sample. We also
developed several practical methods to estimate the material properties needed for the calculation of HT and Ha.
The phase of HT and that of Ha approach p=2 at f ! 0, and hence the corrections are significant at low
frequencies. Using the present method, we demonstrated Q for a stainless steel sample (QPb200), acrylic plastic
samples (QP ¼ 80, QS ¼ 80), and a partially molten organic polycrystal sample (QP ’ 4) for 100 kHz–1MHz.
The present method is applicable to general materials. Validity and limitation of the previous method based on
the reference waveform were discussed.
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Appendix A. Detailed formulation for the dynamic response of transducers

We consider a broadband transducer consisting of a piezoelectric disk and a backing (Fig. 10). The disk has
radius a0, thickness d0, density r0, acoustic velocity a0, acoustic impedance z0 ¼ r0a0, dielectric permittivity �0,
and piezoelectric stress constant h0, which represents the stress caused by a unit electric displacement. V (V)
and I (A) denote the voltage difference and current, respectively, between the two electrodes. F (Pa) and u

(m s�1) represent traction and velocity, respectively, of the disk at the sample side, and F b and ub represent
those at the backing side. These F , u, F b, and ub represent the normal components (outward positive) for a
longitudinal wave transducer, and the tangential components for a shear wave transducer. Although source
and receiver transducers have the same material parameters, the two transducers are used under different
electrical boundary conditions, and hence should be treated separately.

We first consider a source transducer, which is denoted by superscript S. By solving the mechanical and
electrical governing equations for the disk [14], we obtain

FS

F S
b

h0
iopa2

0

IS

0
BB@

1
CCA ¼ z0

DS CS �ie

CS DS �ie

�ie �ie ie

0
B@

1
CA

uS

uS
b

io
h0

VS

0
BB@

1
CCA (A.1)

in the frequency domain, where e, DS, and CS are given by Eq. (7) in the text. The boundary conditions are given by

FS

uS
¼ �zs, (A.2)

FS
b

uS
b

¼ �zb 1�
i

2Qb

� �
, (A.3)

where zb is the real part of the acoustic impedance of the backing, Qb the quality factor of the backing, and zs the
acoustic impedance of the sample [14]. As shown in Section 2.2.1, imaginary part of zs can be neglected.
piezoelectric
disk

F

sample

u

I

V

electrodes

backing

Fb

ub

Fig. 10. Schematic illustration of a broadband transducer consisting of piezoelectric disk and backing.
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The same relation as Eq. (A.1) is also required for the receiver transducer. The receiver transducer is
denoted by superscript R. Since V R is measured by an oscilloscope with high input impedance, the condition
IR ¼ 0 is required. Then, Eq. (A.1) can be written as

F R

F R
b

z0 �
io
h0

VR

0
BBB@

1
CCCA ¼ z0

DR CR

CR DR

1 1

0
B@

1
CA uR

uR
b

 !
, (A.4)

where DR and CR are given by Eq. (7) in the text. The boundary condition on the backing side is given by

FR
b

uR
b

¼ �zb 1�
i

2Qb

� �
. (A.5)

From Eqs. (A.4) and (A.5), we obtain

F R

uR
¼ zs DR þ

ðCRÞ
2

ðzb=z0Þð1� i=ð2QbÞÞ �DR

� �
¼ �zR. (A.6)

Note the difference between Eqs. (A.6) and (A.2). While FS=uS is equal to the sample impedance zs, F R=uR is
not equal to zs. Therefore, F R and uR consist of not only the traction and velocity, respectively, of incident
wave but also those of reflected wave. Let FR

inc be the traction of incident wave. From the continuity of both
stress and velocity at the interface, the relation between FR and F R

inc is obtained as

F R

FR
inc

¼
2zR

zs þ zR
, (A.7)

where zR is defined by Eq. (A.6). Transducer effect HT is obtained by solving Eqs. (A.1)–(A.7.).

Appendix B. Direct contact method

Let HDðf Þ be the ratio of the output voltage VRðf Þ to the input voltage VSðf Þ obtained from the receiver
and source transducers, respectively, directly contacted without a sample. The values of k0, Qb, and zb=z0,
which are needed to calculate HT , can be determined by comparing the measured and predicted HD. The
governing equations are given by Eqs. (A.1) and (A.4). The boundary conditions on the backing side are given
by Eqs. (A.3) and (A.5), and those on the other side are given by

F S ¼ FR;

uS ¼ �uR:

(
(B. 1)

Then, HD is solved as

HD ¼
k2
0

pðf =f rÞ
fðzb=z0Þð1� i=ð2QbÞÞ �DS þ CSg

�fðzb=z0Þð1� i=ð2QbÞÞ �DR þ CRg

�ððDS þDRÞfðzb=z0Þð1� i=ð2QbÞÞ �DSg

�fðzb=z0Þð1� i=ð2QbÞÞ �DRg

þ ðCSÞ
2
fðzb=z0Þð1� i=ð2QbÞÞ � ðD

SÞ
2
g

þ ðCRÞ
2
fðzb=z0Þð1� i=ð2QbÞÞ � ðD

RÞ
2
gÞ
�1. (B. 2)

Symbols in Fig. 11 show HD experimentally measured for the longitudinal transducers V103. Also shown in
Fig. 11 are the theoretical predictions calculated by using Eq. (B. 2) for various values of zb=z0 and Qb (lines).
The acoustic impedance of the backing relative to that of the piezoelectric disk, zb=z0, controls the intensity of
the resonance. When zb=z0 is much smaller than or larger than unity, the resonance is strong and A½HD� has a
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sharp peak. When zb=z0 is close to unity, A½HD� shows a broad peak and P½HD� shows a monotonic decrease.
The experimental data are explained well by zb=z0 ¼ 1. The effect of Qb on HD is small, and hence Qb cannot be
determined uniquely. As shown in Section 2.2.1, the effect of Qb on HT is small and hence we can use Qb ¼ 10.
A½HD� is proportional to k2

0. Best fit for V103 and V153 are obtained at k0 ¼ 0:235 and 0:224, respectively.

Appendix C. Asymptotic form of Ha

At the limit of f ! 0, jpij51 ði ¼ P;SÞ. For 0ppppi, xi is an imaginary number, and wi given by Eq. (11) is
approximated as wi ’ f1þOðp2Þg expð�xil=a0Þ. For p4pi, xi is a real number, and wi exponentially decreases
with increasing p. When l4vi=f , the decrease is very rapid and the integral for p4pi is negligible. Therefore,
Ha is approximated as

Ha
i ’ 2 exp �2pi

lf

vi

� �Z pi

0

expð�xil=a0Þ

p
fJ1ðpÞg

2 dp ði ¼ P;SÞ

’
1

2
exp �2pi

lf

vi

� �Z pi

0

p expð�xil=a0Þdp

¼
ipa2

0f

lvi

þOðl�2Þ, (C. 1)

which gives Eq. (17).
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